for the absorbing medium, the normal mode analysis contains undetermined constants which are seen to be related to coeficients in the Laurent series of the X-function.
In each case the solution is carried out with the appropriate modifications, and Case's three X-function identities are rederived.
I. INTRODUCTION
Case (1; this paper will be referred to as C) has provided an elegant treatment of neutron transport problems by means of a normal mode expansion in the singular eigenfunctions of the Boltzmann equation. In this paper we trace through the modifications which become necessary when a nonabsorbing medium and/or anisotropic scattering is considered. By way of illustration we obtain the solution to the Milne problem in each instance.
Consider the homogeneous steady-state neutron transport equation in planesymmetric geometry :
where it has been assumed that the scattering transfer function may be expanded in a finite set of N + 1 Legendre polynomials in the laboratory scattering angle.
T(a + il') = 2 2 61 P,(B.fi') and where u. 
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is the average number of neutons emerging from a collision event. Distances are measured in units of the mean free path. Normal-mode solutions to Eq. ( 1) for the case of isotropic scattering ( T = l/4*), c # 1 are presented in C. Normal-mode solutions for anisotropic scattering were obtained by Mika (2). Generally, these solutions are of the form *. = e -Z'"pP(p) where the index v takes on all values in the interval ( -I, I ) (continuum)
as well as pairs of discrete values fv, . The continuum (py(~) are singular eigenfunctions.
The discrete vi are the zeros of the characteristic function A(v), which is analytic in the complex plane cut along the real axis from -1 to 1. For isotropic scattering A(v) is given by and there is one pair of discrete roots with VO{ real/imaginary} for c 5 1. As c ---f 1, the roots fvo coalesce at infinity. This complication is considered in Section II.
In the normal-mode formulation, the solution to half-space problems reduces to the solution of the singular integral equation implied by the application of appropriate boundary conditions to the eigenfunction expansion of the complete distribution function *(x, P). The main step in the solution (as obtained in C) is the construction of the function X(v), the Wiener-Hopf fact,orization of the quotient A+( v)/A-(v).
Mika (2) has pointed out that for anisotropic scattering, the singular integral equation is complicated by the addition of a Predholm part. This situation, which does not arise in the case treated in Section II, is treated in Section III.
In a series of lectures (3; this paper will be referred to as CL), Case presents several identities obeyed by the X-function and shows how these identities may be used to reduce the implicit solutions of C to tractable forms. In Section IV we generalize the identities to incorporate the scattering anisotropy of Sections II and III and present concise closed form expressions for the outgoing neutron angular density and total neutron densit,y in each case. In Section V we convert one of the X-function identities into an integral equation with an extremely rapidly convergent iterative solution. We compute the outgoing neutron angular density for quadratically anisotropic scattering in a nonabsorbing medium, exhibiting directly the forward peaking of the current and the modification of the extrapolated end point as a function of the anisotropy parameter. When c = 1, the transport equation ( 1) possesses the integral J = 1: PI (PM E, p) dp = constant.
SHURE AND NATELSON
This may be utilized to eliminate the bl term from the scattering function. In fact, we have the very general result, valid whenever c = 1. If +(z, cl) satisfies ( 1) and !P'(x, p) satisfies ( 1) with the scattering !function given by (6) then if 9 and \k' represent the same current J and satisfy the same boundary condition at the interface x = 0, NX,P) = *7x, PI + by
This result is verified directly by substitution into ( 1) . Hence, to illustrate the effect of anisotropic scattering we choose 
The discrete modes associated with this double root at infinity are
Cl*?)
Whenever v # w we will choose the convenient normalization Jf (O&L) dp = 1. The continuum modes are
The 6 signifies that the principal value prescription is to be applied when the factor l/(v -II) appears in an integrand.
X(v) is given by
For future reference we note also that
By virtue of the completeness proof of C, extended by Mika to include anisotropic scattering, the general neutron angular density *(z, r) may be written
In the Milne problem we seek the distribution produced by a source deep within a half-space. The proper boundary conditions are then (a) *(x, P) increases without bound as x + ~0, but no faster than the slowest growing mode (in this case &). 
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Conversely, if N(z) possessing the required analyticity properties can be found, A(u) will be given by Eq. (26).
We write (23) in terms of the boundary values of N(z):
and solve by introducing the function X(z) with the following properties: (a) X(z) is analytic and nonvanishing along with its boundary values X*(r) in the complex plane cut from 0 to 1 along the real axis.
(b) Along the cut, the boundary values satisfy
The appropriate X-function is identical in form to the X-function of C.
We note that 
Equation (31) is a statement of the analyticity properties of N(z) sufficient to determine N(z) immediately. Since (cl -a)?(r) is the discontinuity of X(z)N(z) across the cut, the function K(x) defined by
,,,,') dp ( 33 ) must be an entire function. Since K(x) tends to zero for large / x /, we must have
In fact, since X(z)N(x) must vanish at least as fast as x? for large / x 1, the function Jo'[(p -a)r(~)]/(p -z) & must also have that property. This last condition yields which determines a. In any event, N(z) is given by Here, to illustrate the effect of anisotropic scattering, it suffices to deal with a scattering function of the form
In this case, with tiy = e-""cp,(p), Eq. ( 1) becomes
Integrating over dk, we find I: wvb) dp = (1 -cb j-1 CP,(E.C) (2~ Hence Eq. (38) will possess a discrete solution when Y is a root of 
The 
-X-(cc)N-(~)
We note that this is of the same form as Eq. (31) ; hence the solution is
The requirement that N(x) must vanish as 1.~1 -+ m yields the subsidiarycondition Moreover, for consistency, N(z) must satisfy (SO), i.e., These last two conditions determine the unknown parameters a, cr and along with Eqs. (26), (45), and (52) comprise the formal solution to the problem.
IV. REDUCTION OF THE SOLUTIONS
In this section we show how the Milne problem solutions of the preceding two sections may be reduced to a form amenable to simple computation. This reduction rests heavily on the analyticity properties of the X-functions and follows the treatment of CL in most respects.
There are three basic identities. They are, for the case of isotropic scattering Identity I is based on the fact that X(Z) is analytic in the cut plane and vanishes at infinity. Its discontinuity across the cut is given by
Equation (55) then follows by applying Cauchy's theorem for X(z) to the region bounded by a large circle and the contour G (Fig. 1) .
Identity II is based on the fact that l/X(x) is analytic in the cut plane.
Equation (56) is obtained by recognizing that the defining equation (28) implies that [A(z)]/[X(z)X(
-z)] is continuous across the cut and must then be an entire function. This function is determined entirely from its behavior at infinity and the fact that it must vanish at z = fvo. We have also used the fact that A(0) = 1.
Identity III is obtained by combining identities I and II. The generalization of these identities to include anisotropic scattering is straightforward. Define We denote these by cause -4 and case B, respectively. Quite generally
Hence, applying Cauchy's theorem for X(x) to the contour G ( Fig. 1 ) , we obtain I'
Turning to idenbity II, we note that the relation 
We have used identity I' and the subsidiary condition (3.i j. Hence, using the relation (i5), we get finally,
Similarly, we may obtain a compact expression for the total neutron density, p(x) defined by p(x) E /'l(x, /J) dp = x + a + 1' A (v)e-"" dv (8s)
The numerator is the discontinuity across the cut of the function
But, in view of identity I'
Hence, using identity II', we find
The with u given by (95). To obtain A(V) we proceed as before :
The right-hand side is simplified through the use of (93 ), (94) Also, (identity II') 1
and since X( -2) is continuous across the cut, we obtain finally from (102) A(v) = ; bo -vo + al(ro -&Cl -c)nv)(l + bl(l -c)v,")
The relations (93) and (94) yield the concise final form:
V. KUMERICAL COMPUTATIOX It only remains to obtain numerical values for the different X-functions. In principle these may be obtained to any desired accuracy from identity III '. That is, the nth approximation is given by 
and we expect (subject to verification) that Q(z) will be slowly varying in the interval ( -1, 0) .
is analytic in the cut plane and vanishes at infinity; thus we may apply Cauchy's theorem to the contour G ( Fig. 1) :
But from identity II' we have
1 -x*x2(o) (11.5) or, 1 -2x2(o)
Thus,
This method yields extremely accurate results, the second approximation differing from the first usually only in the fourth or fifth significant figure. Since the first approximation does not require numerical integration, it is a simple matter to obtain the X-function by this method. Table I shows the outgoing angular density #(O, EL) for Case A for 5 different values of the anisotropy parameter 6. Actually in order to compare results with those of reference (4) we plot x$(0, c(). In Chandrasekhar's notation s&(0, --cl) = I(0, p)/F, a quantity plotted in reference (4) for the values b = 0, 0.5. Lastly, we consider the "extrapolated end-point," i.e., that. value of 1: for which the discrete part of the total density extrapolates to zero. In case A, the discrete part of the density is simply Pdis(x) = I(: + a
Thus the extrapolated end-point is
These values are shown in Table II. RECEIVES:
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